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1. VECTOR SPACES AND SUBSPACES

Vector spaces have two built-in concepts.

(1) Vectors: these can be added, subtracted from each other.
(2) Scalars: these can be added, subtracted, multiplied, divided (except by zero).

Also, we can multiply a vector by a scalar (and get a vector). The set of scalars in this
course is usualy R (the real numbers) or C (the complex numbers), but in general there
are many other possibilities.

Example 1.1. Here are some vector spaces. The term “vector space’ really refers to the set
of vectors.
1


https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
https://creativecommons.org/licenses/by-nc-sa/4.0/deed.en
HTTP://V-V-KISIL.RF.GD/

2 VLADIMIR V. KISIL

(1) R? (or more generally, R™, for any fixed n > 1). Here the set of scalars is R.
Observe

(x1,%2,%3) + (Y1,Y2,y3) = (X1 +Y1, X2 +Y2,%x3 +Yy3)
(x1,%2,%3) — (Y1, Y2,¥3) = (X1 —Yy1, X2 —Y2,X3 —Y3),
a(xi,x2,x3) = (axy, axy, axz),

for any x, yi, a € R.
(2) C™. This is similar, but here the scalars are complex numbers.
(3) My n(R), the set of all m x n (i.e. m rows, n columns) matrices over R (the set of
scalars). Here the vectors ARE matrices, and vector addition is matrix addition.
M n (C), the set of all m x n-matrices over C (and the set of scalars is C).
(4) Pn(t), the set of all polynomials in variable t of degree at most n, i.e.

Po(t) :={ag+ait+...+ant™:a; € R}

The scalars are R.
(5) Fix a set X. The set RX is the collection of all functions from X into R. For f, g €
RXand x € X, we have

(f+9g)(x) =f(x) +g(x)
(af)(x) = af(x).
Likewise, C*X (functions from X to C) is a vector space with scalars C.

1.1. Axioms for a vector space. I'll generally use u, v, w, ...etc. for vectors, and a, b, c,
...for scalars. Let K denote the set of scalars, which in this module is always R or C. (In
general, K can be any field, but I am not defining this; K can even be finite.) Let V be a
non-empty set of vectors, and suppose there are rules of addition of vectors, and scalar
multiplication, so thatif u,v € Vthenthesumu+v e V,andifa e K,v e V,thenav e V.
Then V is called a vector space over K if the following axioms hold.

(1) Visan abelian group under +, i.e.
(a) Yu,v € V (u+v € V) (Vis closed under vector addition).
(b) (u+v =v+4u),Yu,v € V (+ is commutative, i.e. V is an abelian group with
operation +).
(© (u+v)+w=u+ (v+w)Vu,v,w eV, (+ is associative);
(d) thereis a zero vector 0 € Vsuch thatYwe V (0+v=v+0=v);
(e) forallv € V thereis an ‘inverse vector’ —vin V such that v+ (—v) = (—v)+v =
0;
(2) Scalar multlication satisfies (for allu,v € V and a, b € K):
(@) Yue V,Va € K (av € V) (Vs closed under scalar multiplication).
(b) a(u+v) =au+ av;
() (a+b)u=au+buy
(d) (ab)u=a(bu);
(e) lu=u.
In practice, we don’t usually have to check all these, to see that something is a vector
space.

Remark 1.2. Note that sometimes 0 denotes the zero vector, sometimes the zero scalar —
this should be clear from context.
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The next theorem collects facts really obvious for R™ or C™. We need to know them for
all vector spaces, i.e. that they follow from the axioms for vector spaces.

Theorem 1.3. Let V be a vector space over a field K. Then

(1) faeKand0 € Vthena-0=0;
(2) f0e Kandv € Vithen0-v =0;
() if av =0 then either a =0orv =0;
(4) (—a)v=a(-v) =—(av).

Proof. I'll just do (i), (iii).
i)a-0=a-(04+0) =a-0+a-0. Now add —(a - 0) to both sides. We find
0=a-0+40=04+a-0.
(iii) Suppose that av = 0and a # 0. Then thereisa™! € K,soa 'av=a"!-0 = 0. But
also, a lav=1-v=v. Hencev = 0.

O

Example 1.4. To demonstrate that choice of axioms is a delicate matter we will consider
examples which violet these “obvious” properties.

On the set R? of ordered pairs (x,y) define + as usual, i.e. (x,y)+ (u,v) = (x +w,y+V),
but define the multiplication by scalar as A - (x,y) = (x,0).

Since the addition is defined in the usual way we could easily check all corresponding
axioms:

(1) a+beV.
(2) a+b=b+a.
B) a+(b+c)=(a+b)+c
(4) a+0=a, where0=(0,0).
(5) For any vector a = (x,y) there is —a = (—x, —y) such that a+ (—a) = 0.
However for our strange multiplication A - (x,y) = (x,0) we should be more careful:
1) A-aeV.
(2) A-(a+b)=A-a+A-b,because A- ((x,y) + (w,v)) =A- (x+w,y+v) = (x+1u,0)
A(xy)+A(w,v) =(x,0) + (u,0) = (x +u,0).
(3) (A+u)-a#A-a+u-a because (A+)-(x,y) = (x,0) however A- (x,y)+pu- (x,y) =
(x,0) + (x,0) = (2x,0).
(4) (Ap)-a=A(p-a) = p(A-a),ie. the associative law holds (why?)
(5) 1-a # a(why?)
This demonstrate that the failing axioms could not be derived from the rest, i.e they are
independent.

1.2. Subspaces. Let W be a subset of a vector space V over K. Then W is a subspace of V
if W is also a vector space over K. This looks boring, with lots of axioms to check, but it’s
easy to check in practice, because of the following.

Theorem 1.5. W C V is a subspace of V if and only if

(1) 0ew,
(2) Wiis closed under addition of vectors, i.e. ifv,w € Wthenv+w e W;
(8) Wiis closed under scalar multiplication, i.e. if w € Wand a € K then aw € W.
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Proof. Clearly, if W is a subspace then 1-3 hold. We show the converse, so assume 1-3

above. Then W is a group: the inverse of wis —w = —(1-w) = (—1)w, so liesin W.
The other properties all hold in W since they hold in V, e.g. w +0 = 0 +w = w holds
if w e W, since W C Vsow €V, and the above rule holds in V. O

Corollary 1.6. W C V is a subspace of V if and only if

1) 0ew;
(2) av+ bw € W whenever a,b € Kandv,w € W.

Example 1.7. (1) Always, {0} and V are subspaces of V;
(2) In the vector space R?, the set of points on a line through the origin (eg 2x+3y = 0)
is a subspace, but 2x + 3y = 1 is not.
(3) In M n(R), consider the set X of symmetric n x n matrices. Here A = (ay;) is
symmetric if a;; = aj; for all i,j, i.e. if A = AT. An example of a symmetric matrix

1 2 4
is |2 3 6. Then Xis asubspace of M, n (R).
4 6 5

(4) The solution space of any system of homogeneous linear equations in n variables
(coefficients in R) is a subspace of R™.

Remark 1.8. (1) If Uy, Uy are subspaces of V then U; N U, is a subspace of V. For
OeUNUy andifu,ve Uy NUy, and a,b € K, then au+bv € Uy, au+bv € Uy,
so au + bv € U; N Uy, so Corollary 1.6 applies.

(2) Ingeneral, the union of two subspaces is not a subspace; forif u; € U and u, € Uy,
then possibly u; +u, € Uy U U,. For example, in R?, let
U = {(x,0):x R},
U, = {(0,y):yeR}L
Then (1,0),(0,1) € U; U Uy, but (1,1) ¢ U; U U,.

Definition 1.9. Given a set S of vectors in a vector space V, a vector v is a linear combina-

tionof elements of Sif v = a;s1 + ...+ axsy forsome sq,...,sx € Sand ay,...,ax € K. We

denote by span(S) the set of linear combinatioms of elements of S.

Theorem 1.10. Let S be a non-empty subset of V. Then

(1) span(S) is a subspace of V;
(2) any subspace of V which contains S also contains span(S).

Proof. As usual, we apply Corollary 1.6.

(1) Clearly 0 € span(S), e.g. as0 = 0-s; for any s; € S. Let v,w € span(S), say
v=a181 + ...+ axsy, w=Dbit; +... + bytx (so a;, by € Kand sy, t; € S). Suppose
a,b € K. Then av + bw =

alais;+.. .—|—aksk)+b(b1t1—|—. . .-I—bktk) = ((1(11)814—. . .—|—(aak)sk+(bb1)tl+. . .+(bbk)tk.

(2) This is clear, (formally, by induction).
([l
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Example 1.11. In R?, the smallest subspace containing (1,1), (2,3) is all of RZ?, as any vector
(x,y) can be written as a(1,1) + b(2,3), as we can always solve

a+2b = x
a+3b = vy
Thus, span{(1,1),(2,3)} = R2.
1.3. Direct Sums.
Definition 1.12. The sum of two subspaces U;, U, of V is the set
U + Uy :={u; +up :uy € Uy, up € Ul

Theorem 1.13. If Uy, Uy are subspaces of V, then Uy + Uy is a subspace of V, and is the smallest
subspace containing Uy, U,.

Proof. (1) U; 4+ U, is a subspace. Indeed, 0 = 0+ 0 € U; + Uy, and if uj,uj € Uy,
up, uj € Uy, then

alu; +w) + by +w) = (awy + buy) + (aup + buj) € Uy + Us.

(2) Any subspace of V which contains U;, U, must contain all the vectors u; + uy, so
contains U; + U,.
O

Remark 1.14. We have U; + U, = span(U; U U,).
Example 1.15. Work in R3. Let

Vo = {(xy,z):x+y+z=0}
Vi = {a(1,0,0):a e R},
V, = {a(1,0,—1):a € R}

Then Vy + V; = R3, since for a,b,c € R,

(a,b,c)=(-b—c,b,c)+(a+b+7¢,00) € Vo + Vi.
Also Vy + V, =V, since V, C V; (so anything in Vj + V; already lies in Vj). The subspace
Vi + V, is a plane.
Definition 1.16. If U;, U, are subspaces of V, and U; N U, = {0}, then U; + U, is called a
direct sum of Uy, Uy, written U; @ U,.

Remark 1.17. Any vector in U; @ U, has the form u; +u, (where uy € U;) in a unique way:.
For suppose w1 + u; = uy +uj (where uy, uf € U;). Then u; —uj = uy —uj. But the left
hand side lies in U;, and the right hand side lies in U,, so u; —uj € Uy N'U, = {0}, so
w —uy =0, s0u; =uy, and likewise u; = uj.

Example 1.18. (1) InExample 1.15, R3 = V@ V;. Forif (a,0,0) € V,, then a+0+0 =0,

soa=0.
(2) Let V := P,(t) be the set of all polynomials over R of degree at most 2 (see Exam-
ple 1.1). Let
Vo = {at’:a€eR},
Vi = {bt+c:b,ceR},

V, = {a(t*+1):aeR}.
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Then Vy, Vi, V; are subspaces of V (check this!). And V=V, @& V; =V, @ V. To
see that V = V, @ V, observe that at? + bt 4+ ¢ = a(t> + 1) + (bt + (c — a)); it is
trivial that V, NV, ={0}.

Definition 1.19. If U; & U, =V, then U, is a complement of U, in V.

Remark 1.20. The complement is not necessarily unique; e.g., in Example 1.18, Vy and V,
are both complements of V;.

2. BASES AND DIMENSION

The material in this section (up to and including 2.8) was done for subspaces of R™ in
MATH1011.

Definition 2.1. A set S spans the vector space V if span(S) = V, i.e, any v € V can be
written v = a181 + ...+ ansn forsome a; € K, s; € S.

The set S is linearly independent if the only linear combination of members of S giving 0
is the trivial one, i.e., if 0 = a;81 + ... + ansn (Where s; € S are distinct), then a; = ... =
a, =0.

Example 2.2. Some examples in V = R2.
(1) (1,1), (2,3) span R? and are linearly independent.
(2) (1,1), (2,2) span R? but are not linearly independent.

1),
(3) (1,1),(2,2), (2,3) span R? but are not linearly independent.
(4) (1,1) is linearly independent but does not span R?.

Exercise 2.3. (1) Any set including the zero vector is linearly independent.
(2) Any subset of a linearly independent subset is linearly independent as well.
(3) Any set, which includes a spanning set, is spanning as well.
(4) A spanning set expanded by a single vector become linearly dependent.
(5) A linearly independent set with any single vector removed cannot be spanning.

To check whether a set of r vectors in R™ is linearly independent, form the r x n matrix
whose rows are these vectors, and put it into row reduced form. The original set is linearly
independent if and only if the row reduced form has r non-zero rows.

Definition 2.4. A basis of V is a set of vectors in V which is both linearly independent and
spans V.

Remark 2.5. The set {s1,...,sn} is a basis of V if and only if every vector v € V can be
written as v = a181 + ... + ansn (a; € K, s; distinct members of S) in a unique way
(up to order). To see this uniqueness, note that if {s1,..., sn} is linearly independent and
aisi+...+ansn = bisi+...+bnsn, then0 = (a;—by)s1+...+(an—bn)sn,s0a; =b; =0
for all i, so the expressions are the same.

If {s1,...,sn} is a basis for V then V ‘looks like’ K™; for each v € V can be written
uniquely as v = a;81 + ...+ an sy, so we can identify v with (ay,..., an) € K™
Theorem 2.6. Suppose that V is a vector space over K, and S C V is linearly independent. Then
there is a basis B of V with S C B.

Proof. We'll do the special case when S is finite, and there are vy,...,vin € V with V =
span(vy,...,vm). Suppose S ={s1,...,sn}.
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Case 1 span(S) = V. Now S is a basis of V, so put B := S.

Case 2 Thereissomev; € {vy,...,vm}notinspan(S). Now SU{v;}is linearly independent.
For if a;s; + ... + ansn + bv; = 0, then b = 0, for otherwise v; = —b~1(ays1 +
...+ ansn) € span(S). Hence, as S is linearly independent, alsoa; = ... = a, =0.
Now repeat the above argument with S U {v;} in place of S. If we do not stop
before then, we eventually obtain a linearly independent set SU{vy, ..., v}, which
certainly spans V so is a basis. If we stop before then, we have a basis.

O

Corollary 2.7. Suppose V is a vector space over K, S C V is linearly independent, and A C V
satisfies span(A) = V. Then there is a basis B of V with S C B C SUA.

Proof. Our proof of Theorem 2.6 gave this, under the assumption that S, A are finite (put
A ={vi,...,vm}in the theorem). We omit the proof in general. O

Note that the proof of Theorem 2.6 give you a method for answering questions like
Problem Sheet 2 Q1(a).

Corollary 2.8. Suppose S is a vector space over K and A C 'V spans V. Then A contains a basis
of V.
Proof. Apply Corollary 2.7 with S = 0. O

The next lemma is the key to showing any two bases of a vector space have the same
size (so we can define dimension).

Lemma 2.9 (Exchange Lemma). (1) Supposewy, ..., un,Vv are vectors in a vector space V,
andv € span(uy, ..., Un_1,Un), butv &€ span(uy, ..., un_1). Then u, € span(uy,...,Un
(2) Under the same assumptions, if uy, ..., Un_1, Un are linearly independent, soareuy, . .., Un_

Proof. (1) Sincev € span(uy, ..., U, ), there are scalars b; such that
(1) v=biu +...+bn_1un_1+ brun.

Now by, # 0, as otherwise v € span(uy, ..., un—1). So

Un = b;l (\1 —biu —...— bnflunfl) = b;l\) — b;lblul — .. — b;lbnflunfl,
SO Un € span(uy, ..., Un_1,V).
(2) Suppose that uy, ..., u, are linearly independent, and that
au + ...+ an_1un_1 +apv=_0.
Substituting from (1),
QU + ...+ an_1un_1+an(brug +...bn_qun_1 +bruy) =0
SO
((11 =+ anbl)ul +...+ (anfl + anbnfl)unfl + anbruy =0.
As uy,...,u, are linearly independent, all the coefficients are zero, so anbn = 0.
Asbn, #0,an = 0,50 aqug +...aAn—1Un—1 = 0. But uy,...,un_1 are linearly

independent, so this forces a; = ... = an—1 =0.
O

Theorem 2.10. Suppose that A, B are both bases of the vector space V. Then A and B have the
same number of elements.
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Proof. For convenience, we assume that A, B are finite, and that A is at least as big as B. Let
B ={vy,...,vn}, and choose distinct uy,...,u, € A. We shall show that A = {uy,...,un}.

Now u; € V = span(vy,...,vn), s0 u; = ajvi + ... + an Vv for some scalars a;. Not
all the a; are zero, as otherwise u; = 0, contradicting that A is linearly independent.
So, without loss, suppose a; # 0. Now u; ¢ span(vy,...,Vvy), as otherwise we’d have
u =0-vi+byva +... +bpvn = ayv1 + ... + anvy, contradicting that B is linearly
independent.

So by Lemma 2.9, v; € span(uy,V,...,vn), and (using 2.9(ii), {uy,v2,...,vn} is a basis
of V. Next, we apply the above argument to u, (in place of 1), then to uz, and so on.
Eventually, we find that {uy, ..., u,}isabasisof V,and so A ={uy, ..., un}. O

Definition 2.11. The number of elements of a basis of V (which by Theorem 2.10 does not
depend on the choice of basis) is called the dimension of V, denoted dim(V).

Corollary 2.12. Let V be a vector space and n = dim(V). If a set S has exactly n vectors then
the following are equivalent:
(1) S is linearly independent;
(2) SspansV;
(3) Sis basis of V.
Example 2.13. (1) C™,avector space over C, has a standard basis (1,0,...,0),(0,1,0,...,0)
(0,...,0,1), so has dimension n.
(2) Pn(t) hasbasis 1,t,t%,...,t", so has dimension n + 1.
(3) Minn(R) has abasis {Ei; : 1 <1< m,1<j < n},sohas dimension mn. Here, Ej;
is the m x n matrix with a 1 in the (i, j)-entry, zeros elsewhere.
(4) The set of points on the line x + 2y = 0 can be described as {a(1, ’71) :a € R}, so
has basis (1, ’71), so dimension 1.
(5) The plane x + 2y + 3z = 0 in R has solution set

{(—2a —3b,q,b) : a,b € R} ={a(-1,1,0) + b(-3,0,1) : a,b € R},
so basis (—2,1,0), (—3,0,1), and dimension 2. Suppose we want to expand this set
to a baiss of R3. Try to add in the vectors (1,0,0), (0,1,0), (0,0,1), and the first time
the dimension goes up to 3, we have a basis. In fact, (—2,1,0), (-3,0,1),(1,0,0) is
a basis of R3.
Finally, an important theorem.
Theorem 2.14. Let U, V be subspaces of the finite dimensional vector space W. Then
dim(U) + dim(V) = dim(UNV) +dim(U + V).
Proof. Let wy,...,wy, be a basis for U N V. Using Theorem 2.6, we can extend this set
to a basis wy,...,Wm,uy,...,u, for U, and to a basis wy,..., W, Vv1,...,vs for V. Now
dim(UNV)=m,dim(U) =m+r, dim(V) = m +s.
Lemma 2.15. Wy, ..., Wy, Ug, ..., Uy, V1, ..., Vs i a basis for U+ V.

Assuming the above Lemma, the theorem is proved, for then dim(U+ V) =m+r+s,
SO

dim(U) +dim(V) = (m+7)+(m+s)=m+ (m+7r+s) =dim(UNV)+dim(U+ V).
]
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Proof of Lemma 2.15. First, spanning. So let z € U+ V. Then z = u+ v for some u € U,
v € V. We can write

awi + ...+ amwm +biug ...+ by,
v = Wi+ ...+ cmWm +divi +...+dsvs,
)
z=u+v=(a;+ci)wi+...+(am +cm)Wm +brug +... + bru, + divi +... + dsvs,

so our set spans U + V.
Next, linear independence. So suppose

(2) aw; +...+amqWm +biug +...+bruys Fegvi +...Fcevs =0

and putw:=) aywij,u=) bjujandv=) civi. Nowv=—-w—-ueclsoveluny,
sov=dyw; +...+ dpwm for some d;. Thus:

v=cCciV1+...+csVs = diwi + ...+ dinWn.

Hence civi +... +cgvs —diwy — ... —dmwm = 0. But wy,..., W, vq,...,V, are linearly
independent,soc; =... =c¢s =d; =... = diy, =0, s0v =0. Thus, (2) gives
agwi + ...+ amwm +biug +...+ bpu,. =0,

so (as Wi,..., Wm,uy,..., U, are linearly independent), a; =... = am =b;=...=b, =0
as required. O
Corollary 2.16. If V =V; @ Vy, then dim(V) = dim(V;) + dim(V2).
Proof. This follows from the theorem, as in this case dim(V; N V;) = 0. O
Example 2.17. Inside V = R*, let

Vi = {(a,b,c,0):a,b,ceR}

V, = {(a,aq,b,b):a,beR}L

Then Vi NV, :={(a,a,0,0) : a € R} :={a(1,1,0,0) : a € R}, so dim(V; N V,) = 1. Clearly
dim(V;) = 3, and also dim(V,) = 2 (V; has basis (1,1,0,0),(0,0,1,1)). Now

dim(V; + Vo) =dim(V;) + dim(V,) —dim(ViNV,) =3+2—1=4.
Thus, Vi + Vo = R* (but it is not a direct sum).

3. LINEAR TRANSFORMATIONS

Definition 3.1. Let U, V be vector spaces over K. A mapping « : U — V is a linear trans-
formation (or linear mapping) if

a(uw) + a(uy) and

o(ug +up)
a(au) = aax(u)
for all u;,up,ue U,a € K.

Equivalently, « is a linear transformation if «(aju; + asur) = a;x(ug) + arx(uy) for all
a;,a; € Kand ug,u, € U.

Exercise 3.2. Show that under linear transformation:
(1) The null vector of U is mapped to the null vector of V.
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(2) Any straight line in U is mapped to a straight line in V.

Theorem 3.3. Any linear transformation from R™ to R™ has the form

cx(xl,...,xm)T = A(Xl,...,Xm)T

7

where A = (ay;) is an 1 x m matrix. The basis vectors (1,0,...,00%, ..., (0,...,0,1)7 map
under « to the columns of A.

Remark 3.4. Here, to save on trees, we write (x1,...,Xm)" (the transpose) for the column
X1
vector

Xm
Example 3.5. Consider linear mappings R?> — R2. As examples, we have the iden-

tity transformation (matrix ( 0) ), expansions (with matrix (a 2) ), rotations (matrix

01 0
cos® —sin®
sin® cosO

(o).

Before proving the theorem, we fix the following notation, used throughout the course.
Welete; :=(1,0,...,0)7, e, :=(0,1,0,...,0)7,...,em := (0,...,0,1)7 be the standard basis
of R™.

> for rotation anticlockwise by 0) and a reflection in the x-axis (matrix

Proof of Theorem 3.3. By linearity of «,

m m m
-
a(xy, ..., xm)' = oc(ijej) = ijoc(ej) = ijfj,
j=1 j=1 j=1

where f1 := a(eq),...,fm = a(em). Write f; = (alj,...,am-)T, the jth column of A. Then

T m _
(X(Xl,...,Xm) Zj:lxjfj =
ai a A1m ar ... Qim X1
=X : + X2 : + ...+ Xm : = : : : : ,
ani an2 Anm ani ce Anm Xm
as claimed in the theorem. O

Remark 3.6. If we choose any fi,...f, € R™, then there is a unique linear mapping f :
R™ — R™ with (e;) = f; for eachj = 1,...,m. For we must have B(Z)Tll xjej) =
> %1 x;fj, by linearity.

Now we do something similar for linear transformations between arbitrary vector spaces.
Theorem 3.7. Let U,V be vector spaces over K of dimensions m, n respectively, and letuy, . .., Wy
be a basis of U, vi,...vn a basis of V. Let « : U — V be a linear transformation. For each

j=1,...,m put a(u;) = Y ", aijvi, and let A = (ayj), an n x m matrix. Then for any
e em €K a0 ejuy) = X1 divy, where (dy, ..., d )" =Acq, .. em)T.
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Proof. We have

cja(uy) (by linearity)

'I\’lﬁ

\_a
Il
-

m
z Gl =
j=1
n
Cj E aijvyi

i=

I
l\’]a

\_;
Il

-

-

I
l\’]a

Z aijcjvi

n
i=1

Il
_

m

E Qayj Cj Vi

j=1

Il
M-

,4
Il
—_

I
M-

di\)'.
i=1

O

Remark 3.8. The j-th column of A gives the coordinates of «(u;) with respect to the basis
Vi,...,vnp of V.

Much of the aim of the rest of the module is to choose bases carefully so that the matrix
for A (which depends on the choice of bases) has a nice shape.

Definition 3.9. Let o : U — V be a linear transformation. Then the image of o is Im(«) :=
{a(u) : u € U}, and the kernel of xis Ker(a) := {u € U : «(u) = 0}. The kernel is also called
the null space of o.

Theorem 3.10. Let « : U — V be a linear transformation. Then Im() is a subspace of V and
Ker(«) is a subspace of L.

Proof. First, observe that «(0) = «(0-u) =0 a(u) =0, so Oy € Im(«), and Oy € Ker(a).

To see Im(«) is a subspace: if vi, v, € Im(«) then there are u;, u, € U with a(uy) = vy,
a(ur) =vo. Now if ai, a € K, then a1vi + apvo = a(a1ug + arwy) € Im( o).

To see Ker(«) is a subspace, let uj,u, € Ker(a). Then a(aju; + acuz) = aya(ug) +
aa(up) =a;-0+a-0=0,s0 ajuy + axuw, € Ker(w). O
Example 3.11. Let o : R® — R? be the linear map

(x,y,z)T — (x+y —ZZ,x—z,x—y)T.

We shall find the matrix for o (with respect to the standard basis of R?) and then find bases

for Im(«) and Ker(x). So we see how « acts on the standard basis. Now «(1,0,0)" =
(1,1,1)7, x(0,1,0)" = (1,0,—1)T, and «(0,0,1)" = (—2,—1,0)". Hence the matrix for o is

1 1 -2
A=11 0 -1
1 -1 0

Now Ker(«) consists of all solutions to the simultaneous equations x+y—2z =0,x—z =0
and x —y = 0. By row operations, this solution spaceis{a(1,1,1) : a € R}so{(1,1,1)}is a
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basis for Ker(a). Also, Im(«) is spanned by the columns of A. To get a basis, write these
as rows (ie form AT), and do row operations. We can reduce AT to

1 1 1
0o -1 2|,
0 0 0

so the non-zero rows {(1,1,1), (0,—1,—2)} form a basis for Im(«).

Definition 3.12. If « : U — V is a linear transformation, then r(«) := dim(Im(«)) is the
rank of o, and n(«) = dim(Ker(«)) is the nullity of .

Theorem 3.13 (Rank and Nullity Theorem). Let oc : U — V be a linear transformation. Then
(o) + (o) = dim(U).

Proof. As usual, we shall assume dim(U) is finite.

Let vi,..., Vv, be a basis for Im(«). Then there are uy,...,u, € U with a(u;) = v; for
each i. Also, choose a basis ty, ..., tx for Ker(«). The theorem follows from the following
claim.

Lemma 3.14. wy,..., Uy, ty,. .., tk is a basis for L.

Proof of Lemma. Spanning. If u € U, then a(u) € Im(a), so we can write o(u) = ajvy +
oot ave = qga(u) ...+ arx(uy). Then

a(u—(aquwg +...+arur)) = x(u) — (arx(wg) + ...+ aree(u,)) =0.

Hence u— (aju; +...+ a,u,) € Ker(«), so has form byt + ... + by ty for some scalars b;.
Thenu = aju; + ...+ a;u, + bty + ... + by ty.
Linear Independence. Suppose ajuq + ... + a;uy + bity + ... + byt = 0. Then

0=olaqu; +...+ a;ur + bty +...+ bty) = avi + ... + a vy

Hence a; = ... =a, =0,asvy,..., v, are linearly independent. Then byt; +...+byty =0.
But ty,. .., tx are linearly independent, so also b; = ... = by =0. O
O

Remark 3.15. In Example 3.11, dim(U) = dim(R?) = 3, n(x) = 1, and r(«) = 2. The proof
of Theorem 3.13 shows that (1,1,1)7, «'(1,1,1)7, «~1(0,—1,—2) " is a basis for R3.

3.1. Discussion of Simultaneous Equations. Suppose we have a system of n linear si-
multaneous equations

aixXy+...+amxm = by,
b2

axX1+ ...+ Q&QmXm

AniX1 + ...+ QumXm = by,
so of the form Ax = b, where A = (ayj) is an n x m matrix, x = (X1,...,%m)", and
b=(b;...,b)T € R™
Multiplication by A gives a linear map « : R™ — R™. Now r(«) = n < Im(«) = R™,

which holds if and only if we can solve the above system for every b € R™.
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Also, n(«) = 0 if and only if the homogeneous system Ax = (0,...,0)" has the zero
vector in R™ as the only solution. This means also that if x(x) = a(y) = b, then «(x—y) =
0, so x —y = 0; that is, n(«) = 0 means that solutions to Ax = b, if they exist, are unique.

Now r(x) + n(x) = m, so if m < n, then r(x) < n and we can’t always solve the
system. If m > n, then m > r(«) son(«) > 0, wo we cannot solve uniguely. If m = n, then
either r(x) = n and n(a) = 0 (so for all b € R™ there is a unique solution of Ax = b), or
() < nand n(a) > n (so for some b there is no solution, but if there is a solution there
are infinitely many).

3.2. Composition of Mappings.

Lemma 3.16. Let U, V, W be vector spaces, and o : U — V, 3 : V — W be linear transforma-
tions. Then the function Boc: U — W defined by Boc(u) = B (ec(u)) is linear.

Proof. We have

(Bo)(aiur + axup) = Blafaiu; + axuz))
= Blaja(w) + ara(uy)) (as o is linear)
= afB(o(ur)) + azB(x(uz)) (as B is linear)

= ar(Bo)(w) + az(Ba)(uz).

Theorem 3.17. Suppose that dim(U) = m, with basis uy, ..., Wy, dim(V) = n, with basis
Vi,...,Vn, dim(W) = p, with basis wy, ..., wp. Suppose « : U — Vand B : V — W are
linear transformations with matrices A, B with respect to these bases. Then 3o has matrix BA
with respect to the bases uy, ..., um of Wand wy,..., wp of W.

Proof. By Theorem 3.3,

n

aluy) = Zaijviforjzl,...,m
i=1
P

Bvi) = Zbkiwkforizl,...,n,

k=1
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where A = (ai;) and B = (byj). Put C = BA = (cy;). Now,

(Bo)(wy) = ﬁ(Z aijvi)
i-1
= Zaijﬁ(\’i)
n o p
= Zzbkiai)‘wk
P n
= D () briay)wk

Thus, B« has matrix C. O

3.3. Inverses. We adopt the following convention. If « : U — U, then we use the same
basis for U on both sides.

Definition 3.18. If o : U — U is linear, then « is invertible if « is 1-1 and onto. In this
case, for each b € U, the equation «(u) = b has a unique solution, which we write as
u = o }(b). We call ! the inverse of «.

Proposition 3.19. Suppose o« : U — W is invertible. Then
(1) 7(e) =dim(U), n(ex) = 0;
(2) a': U — Uis linear.
(3) if o has matrix A with respect to basis wy, ..., un, the o has matrix A~ with respect
to this basis.

Proof. First, since o is onto, Im(«) = U, so m(«) = dim(U). Since «(u) = b can be solved
uniquely, ker(a) = {0}, son(o) = 0.

To see that ™! is linear, suppose o !(v;) = w and o1 (vz) = up, and let aj, a; be
scalars. Then «(aju; + ayuy) = ayvy + avo, so

o Hav + ava) = ajug + apup = ajoc (1) 4+ apec ().

1 1

Finally, if o1 has matrix B, then since ax ! = o« ' = id which has matrix I, by
Theorem 3.17 AB=BA =1,soB=A"1. O

Theorem 3.20 (The AP = PB Theorem). Let « : U — U be a linear transformation, and
Ui,...,Un and vy, ..., vn be two bases of U. Suppose that « is respresented by the matrix A with
respect touy, ..., Un, and by B with respect to basis vy, ..., vyn. Then there is a nonsingular matrix
P such that AP = PB, and P = (py;) is given by v; = > Pijui (for each j).

Remark 3.21. (1) The conclusion says B = P~1AP.
(2) Pis a ‘change of basis’ matrix. It’s jth column is (p1j, ..., Pnj )T — the coordinates
of v; with respect to the basis uy, ..., un.
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Proof of Theorem 3.20. As o is represented by B in the v-basis,
OC(V)' ) = Z bijvi
i=1

n n

= ) by ) prwk
k=1

-
S

n
= Z Pribijuk
k=11i=1
n
= Z(PB)kjuk.
k=1
Also,
n
o(vy) = (X(Z Pijli)
i=1
n
= Z Pij(uy)
i=1
n n
= Z Pij Axilli as A represents « with respect to u-basis
i=1 k=1

I
M
M-

AkiPijUk

~
Il
-
Il
-

i

1
M=

(AP)kjuk.

i
I

Thus, (PB)y; = (AP)y;j for all k,j, so PB = AP.

Finally, we show P is invertible. Now the jth column of P is v; written in the u-basis.
Thus, working in the u-basis, multiplication by P takes each u; to v;. This is invertible,
with the inverse transformation taking v; to u;. O

N

Example 3.22. Consider « : R? — R? given by « (;) = (_Xy

u = é), U = (2), and the vq, v, basis will be v; = G), vy = (;) First, we find A,

. The 1y, u, basis will be

the matrix of « for the u-basis. Now

alu;) = “(é)Z((l)):l-ulewaz, and

x(up) = oc<g) = (_02> =0-u; —1-up.

1 0
Hence A = (0 _1).
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Next, we find B, the matrix of o for the v-basis. Now

x(vi) = «o G) = <_11> =3vi — 2, and

x(v2) = o <;) = (_12> = 4v1 — 3v,.

3 4
-2 =3)
To find P: its jth column is v; written in the u-basis.

v () ()L @),
o - B O

so P = (} 1) Finally, a calculation shows AP = PB.
2

Hence, B =

4. DIAGONALISATION OF MATRICES

From now on, « : V — Vis a linear transformation, where V is an n-dimensional real or
complex vector space. If « is represented by the n x n matrix A with respect to one fixed
basis, then with respect to any other basis it has matrix P"'AP, for some non-singular P
(by Theorem 3.20).

Definition 4.1. Two matrices A, B are said to be similar if there is an invertible matrix P
such that P~1AP = B; that is, if A, B represent the same linear transformation with respect
to (different) bases.

Exercise 4.2. Show that the relation “matrices A and B are similar” is an equivalence.
To investigate similarity of matrices we need the following notions.

Definition 4.3. Let o« : V — V be linear. A scalar A is said to be an eigenvalue of « if
there is a non-zero vector v € V such that «(v) = Av. The vector v is called an eigenvector
corresponding to the eigenvalue A.

Remark 4.4. (1) Ais an eigenvalue of & < there is v # 0 such that (o« —AI)v =0
& Ker(a — Al) £{0}
S n(a—AI) #£0
& r(a—Al)#n by Rankand Nullity Theorem
& ao—Al is not invertible.

1 .
1 O) defines

a linear transformation o : R? — R? (with respect to the standard basis). Now

(_01 (1)> <;> =A <;) means that y = Ax and —x = Ay, so either x =y =0, or

—yx = A?yx, so A2 = —1, which has no solutions in R.

(2) Some o have no eigenvalues. For example, suppose K = R, and (
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FIGURE 1. Eigenvalues and Eigenvectors

Theorem 4.5. Let « : V — V be a linear transformation, where dim(V) = n. Then the eigen-
values of o are the roots of the characteristic equation det(tl — A) = 0, where A is any matrix
representing oo with respect to some basis. The equation is independent of the choice of basis, so
can be written det(tl — o) = 0. It is a polynomial in t of degree n.

Proof. First, we verify that the characteristic equation is independent of the choice of basis.
So suppose that A represents o« with respect to one basis, and B represents o with respect
to another. Then there is a non-singular matrix P such that B = P~!AP (Theorem 3.20).
Now
det(tl—B) = det(tI—P'AP)
det(P~!(tI)P — P~'AP)
det(P~*(tI — A)P)
(
(

I
o

et(P~!) det(tl — A) det(P)
det(tI — A),

the last step using that det(P~!) det(P) = det(P~!P) = det(I) = 1.
Now, A is an eigenvalue of « < « — Al is not invertible

& det(A —AI) =0 & det(AI - A) =0.
This clearly is a polynomial of degree n in t, with leading term t™. O

Remark 4.6. There is some confusion as to whether det(tl — A) or det(A — tI) is the char-
acteristic equation. I go for det(tI — A), so the coefficient of t™ is 1. But the two have the
same roots. Indeed, det(tI — A) = (—1)™ det(A — tI).
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We often write x(t) for the characteristic equation (also called the characteristic polyno-
mial). By Theorem 4.5, this can be regarded equally as the characteristic equation of A, or
of o (where A represents o with respect to some basis).

Definition 4.7. (1) The linear transformation o« : V — V is diagonalisable if there is
a basis of V such that « is represented by a diagonal matrix with respect to this
basis.

(2) We denote by Diag(Ay,...,An) the diagonal matrix whose diagonal entry (in the
(1,1) position, for each 1) is A;.

Remark 4.8. 1f « is represented by A with respect to some basis, then « is diagonalisable
if and only if there is a non-singular matrix P such that P~!AP is diagonal, that is, A is
similar to a diagonal matrix.

Theorem 4.9. Let oc: V — V be linear. Then « is diagonalisable if and only if there is a basis of
V consisting of eigenvectors of x.

Proof. < 1Ifvy,..., vy is a basis of V consisting of eigenvectors of , with o(vj) = Ajv; for
each j, then the matrix for « with respect to the basis vy, ..., vy is Diag(Aq, ..., An).
= Conversely, suppose « has matrix Diag(A4,...,An) with respect to basis vi,...,vn.

Then av; = Ayv; for each i, so the v; are eigenvectors. O
0 1 . . . . . .
Example 4.10. Let A = 1 o) First, consider it as giving a linear transformation « :

R? — R? (with respect to the standard basis). The characteristic equation is det ()1\ _)\1> =

A2 4+ 1, which has no real roots. So A has no eigenvalues in R, so no eigenvectors, so is not
diagonalisable. Next, work over complex scalars, and consider A as giving a linear trans-
formation o : C* — C?, again with respect to the standard basis. Now A2+1 = (A4i)(A—1),
with roots i, —i. We find the eigenvectors.

For A = 1, the equation (il — A) (;) = (8) is

G 6)-6)

which gives the single equation ix —y = 0, with solution set {a(1,1) : a € C}, so (1,1) isan
eigenvector.

For A = —i, we solve (—I — A) (;) = <8> , that is

(=) 6)-6)

This gives the equation —ix —y = 0, with solutions {a(i,1) : a € C}, so (i,1) is an eigen-
vector.

The vectors (1,1) and (i,1) are linearly independent, so form a basis of eigenvectors
i

1) (so the columns) of P are

of o, so by Theorem 4.9, « is dagonalisable. Pur P = (1
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1 (1

. — .
the eigenvectors, treated as column vectors). Then p-1 = 2l g ), and a calculation

shows that P 1AP = (1 0.).
0 —i

4.1. More on eigenvalues, eigenvectors. In the discussion which follows, we shall work
over C. The key fact is that every polynomial bg +bit+...+ b, t™ (with by € C) factorises
completely into linear factors over C. So we shall for a while assume K = C. This avoids
problems like that in the last example (working over R).

Definition 4.11. Let o« : V — V be linear, and A be an eigenvalue of « (so a root of the
characteristic polynomial x(t)). Then the algebraic multiplicity mq(A) is defined to be its
multiplicity as a root of X (t). Its geometric multiplicity m4(A) is dim(ker(tI—a)) = n(tl—«).

Given an n x n matrix A, we can regard A as giving a linear transformation C™* — C™,
so can talk of the algebraic and geometric multiplicities of eigenvalues of A (in fact, these
do not depend on the choice of basis).

Proposition 4.12. Let & : V — V be linear, where V is an n-dimensional vector space.
(1) For each eigenvalue A of «, we have

1< mg(A) <ma(A) <n

(that is, ‘geometric multiplicity < algebraic multplicity’).
(2) If M, ..., Ay are the distinct eigenvalues of « then

Ma(AM) + Mg (A2) +... + ma(Ar) =n.

(@) If A1, ..., Ay are the distinct eigenvalues, and vy is an eigenvector of Ay for each i, then
{v1, ..., vy} is linearly independent.

Proof. (1) By the definition of eigenvalue m4(A) > 1; and as x(t) has degreen, mq(A) <
n. So we must show that mg(A) < mq(A).
Suppose that m4(A) = p, take a basis vy, ..., v, for Ker(Al — &), and extend it to
a basis vy, ..., v for V. With respect to the basis v1, ..., vn, @ has matrix

Diag(A,...,A) S
VA T)’

where Diag(A,...,A)ispxp, S is some p x (n—p) matrix, Z is the all-zero (n—p) xp
matrix, and T is some (n—p) X (n—p) matrix. Now det(tI—a) = (t—A)P det(tI-T),
so mq(A) = p.

(2) We have det(tI—a) = (t—Aq)™e M) (t—Ay)™e(P2) | (t—A)ma(Ar) and det(t] — )
has degree n.

(3) We show by induction on m that if A, ..., Ay, are distinct eigenvalues with eigen-
vectors vy, ..., v, then vy, ..., v, are linearly independent.

If m =1, this is trivial, as eigenvectors are non-zero. So suppose

3) civi+...+cmvm =0.
Multiplying (3) by A,

ciAmVvi+ ... +FCcmAmvm = 0.
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Also, by applying « to (3), we have
ciAMvi+ ...+ cmAmvim = 0.

Hence, subtracting, ¢i1(A1 —Am)vi + ... + cm—1(M —Am)vm = 0. Asvy,...,vim1
are linearly independent (by induction), this gives

Cl(?\l - }\m) == Cm—l(Am—l - }\m) =0.

As the A; are distinct, this forces ¢y = ... = cp—1 = 0, and from (3) we then also
getcy, =0.
O

Definition 4.13. If Vi,..., V; are subspaces of the vector space V, then V is a direct sum
V=Vi&...@ V,ifeachv € Vis uniquely expressible as v =v; + ... + v, (for vi € V;).

Remark 4.14. The last definition extends Definition 1.16 to the situation where there are
more than two subspaces.

Let Vi,..., V; be subspaces of V, and suppose that whenever v; € Vj,...,v;: € V; and
vi+...+v: =0, wehavev; = ... =v, = 0. Then Vi ® ... ® V, is a direct sum, and its
dimension is dim(V;) +...+dim(V;). We omit the proof, but it follows easily by induction
from Corollary 2.16.

Proposition 4.15. The following are equivalent.
(1) o is diagonalisable;
(2) mg(A) = mq(A) for each eigenvalue A;
B) V=KerMI—«a)®...®Ker(A,I— a).

Proof. Foreachi=1,...,r, put V; .= Ker(MI — ).

(i)= (i) We use Theorem 4.9 and its proof. So suppose « is diagonalisable. This means
that with respect to a basis of eigenvectors, say uy, ..., Un, & has matrix

A:Diag(?\l,...,7\1,?\2,...,7\2,...,?\T,...,?\T).

For each j there are mq(A;) occurrences of A; in this matrix (take its characteris-
tic polynomial). Hence, there are mq(A;) basis vectors from uy, ..., u,, which are
eigenvectors of A; (cf. Proof of Theorem 4.9). Hence, my(A;) > mq(A;). Thus, by
(i), mg(A;) = mq(A;) for each j.

(ii) = (iii) Suppose (ii), i.e. that m4(A) = mq(A) for each A. First, using (iii) and Remark 4.14,
observe that the sum V;+.. .4V, is direct. Thus, it suffices to show that it equals V,
i.e. that the dimensions sum to n = dim(V). Since dim(V;) = mg(A;), assuming
(b) we have

D dim(Vi) =) mg(A) =) ma(d)=n,
i=1 i=1 i=1

as required.

(iii) = (i) SupposeV = Vi&...@V;. Then, by Remark 4.14, dim(V) = dim(V;)+.. .4dim(V;).
Let B; be a basis for V; for each i. Observe that B; consists of eigenvectors with
eigenvalue A;. Then, using the definition of direct sum, B := B; U...UB, is linearly
independent, and as it has size dim(V), B is a basis of V. Thus, V has a basis of
eigenvectors of o, so by Theorem 4.9, « is diagonalisable.
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O
2 00 210

Example 4.16. Let A= [0 2 1] andB = (0 2 0]. Inboth cases, mq(3) =1 and
0 0 3 0 0 3

mq(2) = 2, since each have characteristic equation (A — 2)?(A — 3). Since 1 < mg(3) <
mq(3), we must in each case have mg4(3) = 1. Thus, in each case, the matrix is diagonalis-
able if and only if m4(2) = 2.

0 0O
For A,wefind2I—A = [0 0 1|, and therow reduced for of this has one non-zero
0 0 1

row. Thatis, r(2I — A) = 1 and n(2I — A) = 2 (regarding these as linear transformations
with respect to standard basis), so for A we find mg(2) =2, and so A is diagonalisable.

010
For B, on the other hand, 2 - B = |0 0 0] which has rank 2 and nullity 1, so
0 0 1

mg4(2) =1 for B, so B is not diagonalisable.
To diagonalise A, find a basis of eigenvectors. For A = 2, vi = (1, 0,0)" and v, =
(0,1,0)7 are eigenvectors. For A =3, v3 = (0,1, 1)T is an eigenvector. Let P have v, vo,v3

1 0 0 1 0 O 2 00
as columns,soP =0 1 1|. ThenP!'=(0 1 —1],andP!AP=|0 2 0],
0 0 1 0 0 1 0 0 3

which is diagonal with the eigenvalues 2,2,3 listed in the order corresponding to eigen-
vectors vy, vy, vs.

4.2. Polynomials. We shall continue to work with vector spaces over C, to ensure that
any polynomial factorises into linear factors. So V is an n-dimensional vector space over

We have o : V. — V. If A represents o« with respect to the basis vi,...,vn, then by
Theorem 3.17, A? represents the composition o, A3 represents o, and so on. Also, if A
represents «, and B represents (3, then A+B represents o+ 3, where o+ f3 is defined so that
(x+pB)(v) = «(v)+B(v). More generally, given the polynomial p(t) = bo+bit+...+bmt™,
we can form the linear transformation p(x) = bg + by + ... + byya™, which has matrix
P(A) :=bol + b1A +... + by A™ with respect to the basis vy,...,vn.

Lemma 4.17. (1) Let « : V — V be a non-zero linear transformation. Then there is a
polynomial p(t) of degree at most n> with p(a) = 0 (that is, p(«) is the zero linear
transformation, so it maps each vector to the zero vector).

(2) All polynomials p such that p(«) = 0 are multiples of a unique polynomial of minimal
degree which is monic, i.e. has leading coefficient 1.

Definition 4.18. The monic polynomial of minimal degree described in (ii) is called the
minimal polynomial of «, and is usually denoted p(t).

Proof of Lemma 4.17. (1) Let Lin(V, V) be the set of all linear transformations V — V.
Then Lin(V, V) is a vector space over C (compare Example 1.1(e).) If we work over
a fixed basis of V, then Lin(V, V) is essentially the same as M, »(C) (just replace
each linear transformation by the matrix representing it in our given basis.) Now
the dimension of M,, ,(C) is n?, since we may form a basis {Ei; : 1 <1, <nj,
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where E;; has a 1 in the (i, j)-entry and zeros elsewhere. Hence dim(Lin(V, V)) =
n2. It follows that the set I, &, o2, ..., «™ is linearly dependent (as it has size n2+1).
Hence, there are constants ¢y, c1,...,cq2 € Csuch that ¢y + cioc+ ... cpp2 o = 0.
Thus, if p(t) = co 4 c1t + ... + c2t™, then p(a) = 0.

(2) Let u(t) be of minimal degree and of form p(t) = t* + dx_1t* 1 +... + dit + do -
we can put it in this (monic) form by multiplying by a non-zero constant.

If p(t) is another polynomial with p(«x) = 0, then by division for polynomials,
we have p(t) = q(t)u(t) + r(t) where deg(r(t)) < deg(u(t)) or r(t) = 0. (If you
don’t know this fact about division of polynomials, don’t worry about it! The idea
is that q(t) is the quotient, r(t) is the remainder.) Now (o) = p(a) —q(o)pu(x) =0,
so by the minimality of the degree of p(t), r(t) = 0, so p(t) = q(t)p(t) is a multiple
of u(t).

O

We now state the main theorem about the minimal polynomial, the Cayley-Hamilton
Theorem. The proof of the Cayley-Hamilton Theorem is given in these notes but not in
the lectures, and for the exam, you will be expected to know the statement but not the
proof of Cayley-Hamilton, and you will be expected to know the proof of Corollary 4.20.

Theorem 4.19 (Cayley-Hamilton Theorem). The characteristic polynomial x(t) of « satisfies
x(o) = 0.

Corollary 4.20. If u(t) and x(t) are respectively the minimal and characteristic polynomials of t,
then u(t) divides x(t).

Proof. By the Cayley-Hamilton Theorem, x () = 0, so by Lemma 2, x(t) is a multiple of
p(t). O

Before proving the Cayley-Hamilton Theorem, recall that if A is an n x n matrix then
adj(A) is the transposed ‘matrix of cofactors’. That is, adj(A) = BT, where B = (bij) and
bij is + or - the determinant of the (n — 1) x (n — 1)-matrix obtained from A by removing

1 21 1 1 -1
the ith row and jth column. For example, if A = (O 1 1) then B = (—2 0 2 ),

1 01 1 -1 1
1 -2 1
soadj(A)=BT=[|1 0 -1
-1 2 1

Now A - adj(A) = det(A) - I, (a fact about matrices; you may recall that A~! =
adj(A)/ det(A) if A is invertible).

Proof of Theorem 4.19. Let A be the matrix of o with respect to some basis. By the last
remark,

(tI — o) adj(tl — x) = x(t)I.

Put B := adj(tI — «). Then B is a matrix such that each entry is a polynomial in t. So
B = By + tB; + t?B, + ..., where each Bj; is a matrix over C. (For example, we could write

2rtrl t-1) (1 1 11 10\,
( 2 t )‘(o o)+<0 1)”(1 0)t'
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Thus,
(tI — A)(Bg + tBy 4+ t?By +...) = x (1)1,

for any t. Now put t = A. Then the left hand side is zero, so x(A)I = 0. This forces
x(A) =0,s0x(«) =0. O

Corollary 4.21. Suppose x(t) =TI, (t —Ay)™ is the characteristic polynomial of o.. Then u(t)
has the form TIT" ; (t — Ay)Pt where 1 < p; < ny for each i.

Proof. Since p(t) divides x(t), we just need to check that each A; is a root of p(t), i.e. that
1 < pi. So let A be an eigenvalue of «, with eigenvector v. Then av = Av, so o2y = A2y,
o(v) = A3(v), etc. Thus, p(ax)v = w(A)v. Since u(x) = 0, and v # 0, this forces u(A) = 0, so
A is a root of p(t). a

Finally, we obtain our last criterion for diagonalisability of a linear transformation.

Proposition 4.22. Let « : V — V be a linear transformation, where V is a vector space over C.
Then o is diagonalisable if and only if w(t) is a product of distinct linear factors.

Proof. = Suppose that « is diagonalisable, represented by the matrix
A= Diag(?\l,...,)\1,?\2,...,?\2,. . .,?\T,. . .,?\r).
Then you can check that

(MI—A)MI—A)...(\I—A) =0,

so u(t) = (t —A1)(t —A2) ... (t —A;) (a product of distinct linear factors).
< Suppose p(t) = (t —A)(t —A2)...(t —Ay). Let pi(t) == p(t)/(t —Ai). Now,
expanding by partial fractions,

1 1 c1 () Cr

L0 oMM t—A) t—n Tt T i
Hence, multiplying by p(t),

t
=Y (1) + o lt) + o+ cre(0)
p(t)
Letv € V. Then, from the last equation,
4) v=cip(x)v+ copa(x)v+ ...+ crite (a)v.
It follows that for each 1, ci i (x)v € Ker(A{I — «). Indeed,
(M = esm (o = (AT — ey -2y — eiplav 0.
7\11 — X

Thus, each cip;(o) is an eigenvalue of «, so by (4), the eigenvectors of o span V,
and so « is diagonalisable by Theorem 4.9.
O

Example 4.23. Return to matrices A and B from the Example 4.16, which both have the
characteristic polynomial (A—2)*(A—3). Since A is diagonalisable its minimal polynomial
is (A — 2)(A — 3), and since B is not diagonalisable its minimal polynomial coincides with
the characteristic one. We also can conclude that A and B are not similar.
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5. INNER PRODUCT SPACES

We now return to working with vector spaces over R (so from now on, K = R), but the
theory below could be developed for vector spaces over C.

Definition 5.1. Let V be a vector space over R, and suppose that for each pair of vectors
u,v € V there is defined a real number written (u,v) (sometimes denoted (u,v), or u - v).
This is called a (real) inner product on V if it satisfies the following, for a,b € R, and
U, Uy, u,vev.

(1) (Linearity) (auy + buy,v) = a(ug, v) + b{uy, v).

(2) (Symmetry) (u,v) = (v, u).

(8) (Positive Definiteness) (u,u) > 0, and (u,u) =0 < u = 0.

The vector space V with (—, —) satisfying 1-3 is called an inner product space.

Remark 5.2. We can deduce from these axioms the following properties.
(1) (u,avi +bvy) = (avy + by, u) = alvy, u) + b(vy, u) = a{u,vi) + b(u,v,) — that is,
the inner product is linear also in the second variable.
(2) Forallv eV, (0,v) = (Ov,v) = 0{v,v) =0, and also (v,0) = (0,v) = 0.
(38) We have the following generalisation of 1

n m
(aqug + apup + ...+ Ay, bivi + bovo + ...+ bvyg) = Z Z aibj(ug, vj).
i=1j=1

This can be proved by induction. First use induction on n to get
(aug + ... 4 anun, bivi) = a1bi(ug, vi) + ... + an by (un, v1),
and then use induction on m.

Example 5.3. (1) Take the usual scalar (or ‘dot’) product on V = R™. Here, if x =
(x1,...,xn) and y = (y1,...,yn), then (x,y) = > I ; xiy;. This is ‘Euclidean n-
space’.

(2) Let V be the vector space of all continuous functions on the closed interval [a, b]
(or restrict to the subspace of polynomial functions on this interval). Define

b
(*,9) =J f(t)g(t)dt.

a
This is an inner product, by the basic rules for integration.
(3) Asaslight adjustment of (2), let w(t) be a continuous and strictly positive function
on [a, b] (a ‘weight function’), and let

b
(t,9) = | fogimia

a

Theorem 5.4 (Cauchy-Schwarz Inequality). If V is an inner product space, and w,v € V, then
(w,v)? < (w,uy(v,v).

Proof. We can assume (u,u) # 0, as otherwise u = 0 and both sides vanish. Lett € R.
Then (tu —v, tu —v) > 0, and (by linearity) equals

tz(u, u) — 2t{u, vy + (v, v).
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Putt = ) Then we obtain

()
u,v)2  2(u,v)?
— >
w0 ) +v,v) >0
Multiplying out, we get (v, v)(u,u) > (u,v)2. O

Example 5.5. In R™, with the usual scalar product, the Cauchy-Schwarz Inequality says

> s (X)' (Z)

or x -y < |x| [yl for vectors in R™. This is true in R3, as x - y = [x| [y| cos 0, where 0 is the
angle between the vectors x and y.

Definition 5.6. If v € V then the norm of v, also called the length of v, is defined to be

v/ (v,v), and denoted ||v||.

Theorem 5.7. Let V be an inner product space. Then the norm on V satisfies
(1) |Ivll = 0,and ||v|| =0 if and only if v =0,
(2) |Ikv|| = Ikl ||v]| for any k € R,
3) w4+ v| < ||u|l + |[v|| (the triangle inequality).

Proof. (1) This is just an axiom for inner products.
(2) (kv,kv) =k?(v,v). Now take square roots, noting both sides are positive.
(3) We have

(utv,u+v)

(u,u) +2(u,v) + (v,v)
(u,u) +2(u, u>% <v,v>% + (v,v) by Theorem 5.4
=l 2 - I+ V0P = el =+ D3

N

Now take square roots.
O

Definition 5.8. We say that vectors u,v € V (a real inner product space) are orthogonal,
written u L v, if (u,v) =0.

Theorem 5.9 (Pythagoras). Ifu L v then |[u+v|* = [|u|/* + [v]*
Proof. (w+v,u+v) = (w,u) +2(1,v) + (v, v) = [[u]]* + [v]*. O

Definition 5.10. A set{ey,..., e} in an inner product space V is said to be orthonormal if
|lei|| = 1 for each iand (ei, e;) = O for all distinct 1,j. An orthonormal basis for a subspace
W of V is a basis of W which is an orthonormal set.

Proposition 5.11. Suppose that e, ..., ey is an orthonormal set.
1) Ifv=Y" ,aieiandw =3 " bie;, then (v,w) =3 ™ a;b;.
2) IX%, aiei|* = (X, a2),s0ey,...,en is linearly independent;
B Ifv=aie; +...+ amem, then a; = (v, e;) for each i.

Proof. (1) Apply Remark 3 after Definition 5.1.
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2)
m m m m m
<Z aiei,Z ajej> = Z Z (11(1j<ei, e]'> = Z (1%.
i=1 j=1 i=1j=1 i=1

In particular, is }_", aie; =0, then }_ ", a? = 0, which implies that a; = 0 for all
i (as squares are non-negative).
(3) Observe that (v, e;) = (a1e1 + ...+ Gmem, i) = Qj.
O

Example 5.12. (1) InR™, the standard basis is an orthonormal basis.
(2) There are many other orthonormal bases in R™, for example, in R>

/111
oo (ﬁ’ﬂ’ﬁ)’
()

= (1 1 2)
’ NCRVRYG
is an orthonormal basis.

(3) Here is a set of orthonormal functions on the interval [0, 27|, with respect to the

inner product (f, g) = (Z)ﬂ f(t)g(t)dt (see Example 5.3):

U =

1 cost sint
Vor' mlom
5.1. Gram-Schmidt Orthogonalisation Process. This is a procedure for finding an or-
thonormal basis. Let vi,...,vn be a linearly independent set of vectors in the real in-
ner product space V. We construct an orthonormal set ey, ..., e, such that for each
j=1,...,m,

span(ey,...,ej) = span(vy,...,vj).
The construction is as follows. First, put e; = v1/ ||v1|| (that is, we normalise v, to ensure
length 1).
To find each subsequent e;, we first subtract off the components of v; in the directions
of the previous ey, and then normalise.
More formally, put wy = v, — (v2,e1)e;. Now

(W2, e1) = (vo,e1) — (v2,e1)(e, e1) =0,

and span(w,, e1) = span(v,, e1) = span(v,v1), so Wy # 0. Now, put e; = wo/ ||[w| (ie.,
normalise wy).
In general, let

i—1
Wi =vi— Y (vj,ex)ex
k=1
Then, for 1 < j,
ji—1
(wj, er) = (vj,er) — (vj, ex)(ex, er) =0, and
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span(wj, ey, ..., ej_1) = span(vj, e, ..., ej_1) =span(vy,...,V;),
sowj # 0. Now put e; = wj/ ||[wj]].

Example 5.13. The plane x +y +z =0in R3 has basis v; = (1,0,—1), v = (0,1,—1). We
find an orthonormal basis.

First, e; = (1,0,—1)//(1,0,-1)|| = (%,O,%)-
Next,
1 1 -1 -1 -1
WZ :VZ - <V2,el>e] = (0, 1,*1) - ﬁ (\/E/O’ \/§> = <211, 2) .
Hence,

o3 (307)- (57

We'll now extend e, e; to an orthonormal basis of R3. Put v3 = (0,0, 1), so v1,vs,Vv3 is a
basis of R3. Then

ws = v3—(v3er)er — (v3, e)er
1 1 -1 1 -1 2 -1
= 001)——=(——=0—2)+—(—= =, =
001~ (750 73) )

1 -1 -1 2 -1
= 010/1 710/7 T
(0,0,1)+ (2 2 )+ ( 6’6 6
_ (222y_ (111
- \6’6’6) \3'33)°
Hence, e; = v3ws; = (%, %, %). Geometrically, e; is a unit vector perpendicular to the
plane x +y +z = 0.

w

5.2. Orthogonal Complements. Recall from Definition 1.19: If W; C V are vector spaces,
then W, is a complement of W; if and only if V = W; & W, (direct sum), or equivalently,
Wi+ W, = Vand W) N W, = {0}, or equivalently again, each vector v € V is uniquely
expressible as v = wy + wy, for w; € W;.

In general, complements to a subspace are not unique, see Remark 1.20. However,
given an inner product we have a particularly nice complement.

Definition 5.14. Let V be an inner product space, and W be a subspace of V. The orthogonal
complement W+ of W is defined by

Wt ={veV:{v,w)=0forallwe W)}.
Theorem 5.15. Let W be a subspace of a finite-dimensional inner product space V. Then
(1) W is a subspace of V;

2 V=Wa W, sodimV = dim W 4 dim(W+);
(3) WhHt=w.

Proof. (1) Clearly, 0 € W, If vi,v; € Wt and aj, a; € R, and w € W, then
(a1v1 + agvp, W) = ag{vy, W) + az{vo,w) =0+ 0 =0.

Hence a;vi + apvs € W, so W+ is a subspace.
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(2) Take abasiswy, ..., wy, for W, and extend it to a basiswy, ..., Wi, Vini1, ..., Vn Of
V. Now apply Gram-Schmidt: We get an orthonormal basis e, ..., ey of V, such
that ey, ..., e, is an orthonormal basis of W. It suffices to prove the following
claim, which yields that V=W + W+ and W n W+ = {0}.

Lemma 5.16. W= = span(em 1., en).

Proof of the Lemma 5.16. First, WL C span(em1,...,en). For let v € W+, and
suppose v = Y i a;e; (as the e; are a basis of V). Then a; = (v,e;) = 0 for
j < m,sincee; € Wandv € W+, Hence, v = Om+1€m+1 + ... + anen €
span(emy1,-..,€n).

Also span(em+1,...,en) C W+, For suppose that v € span(em41,...,en) and
weW,sayv=73 1" ae;andw e ) ", biei. Then

(v, w) = (am+1€m4+1+ ...+ anen, bie; +... +bypen) =0.
|

(3) First, we show W C (W)L, To see this, let w € W and v € W+, Then (w,v) =0,
sow € (WH)L.
Thus, it remains to show that dim(W) = dim(W+=). But

dim(W) + dim(W+) = n = dim(WH)* + dim(W)

(as V=Wt + (W)L by 2), so dim(W) = dim(W+)+. Hence W = (W)L
O

As a brief example, recall Example 5.13. There, V = R3, and W is the plane x+y+z =0.
Now

1 1 1
wt = span(e3) = span <\/§' %, \@> .

6. REAL SYMMETRIC MATRICES

We show here that any real symmetric matrix can be diagonalised by an “orthogonal”
matrix P. This gives applications to quadratic forms in the final section.

First, a quick observation about inner products. Let (-, -) be an inner product on the
real vector space V, with an orthonormal basis e, ..., e, for V. We shall write vectors
v € V as column vectors with respect to the e; basis (but for reasons of space, these will
be denoted as transposes of row vectors). Soif v =" | aje;, we writev = (ay, ..., an)’.
Now observe that (v, w) = w'v (a matrix product of a row vector by a column vector).
Forifv=aje; +...+ane,and w =bje; +... + bnen, then

n ai
(v,w) = Z aiby = (by,...,bn) | 1 | = w'hv.
i=1 a
n

Recall that a matrix A is symmetric if A = AT, that is, if A = (aij), then ay; = aj; for all
ij.

Recall also that if matrix A represents the linear transformation o : V. — V with
respect to the basis ey, ..., e,, then oc(Z]T‘Zl xjej) = Y i ,yiei, where A(xq,...,xn)" =
(Y1,...,yn) ", s0y; = Z;L:l aijxj foreachi=1,...,n.
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Definition 6.1. The linear transformation o : V — V is called self-adjoint if, for allu,v € V,
we have
(o, v) = (u, av).

Theorem 6.2. Let « : V — V be linear, represented by A with respect to the orthonormal basis
ei,...,en for V. Then A is symmetric if and only if o is self-adjoint.

Proof. < Suppose (au,v) = (u,«av) foral u,v € V. Putu = e; and v = ¢;. Then,
(with the subscripts i, j indicating which vector entry is 1),

(o, vy =v - ou=(0,...,0,15,0,...,0)A(0,...,0,1;,0,...0) "

aii
:(O,...,O,lj,O,...,O) :Clji.

Ani

Also,
<LL,O(\)> = ((11]‘,...,(lnj)(o,...,0,11',,0,...,0)T = aij-

Hence, ai; = aj;.
= Suppose A is symmetric. Letv = (v,...,vy)T and u = (uy,...,un)". Then
(ow,v) = vIAu, and (1, av) = (Av)Tu = vVIATu = vIAu (as A is symmetric).
Hence, (o, v) = (u, o).
O

Theorem 6.3. Let  : V — V be self-adjoint, represented by the real symmetric matrix A with
respect to the orthonormal basis ey, ..., en of V. Then

(1) The eigenvalues of A (and hence o) are all real;

(2) eigenvalues corresponding to distinct eigenvectors are orthogonal;

(8) V has an orthonormal basis of eigenvectors of A.

In particular, « is diagonalisable.

Proof. (1) Suppose that A is an eigenvalue of A, with eigenvector xje; + ... + xnén.
Put x := (x1,...,xn)". Write A for the complex conjugate of A, and work over C.
(Soif A = a + bi, then A = a — bi.) Also, for the vector x, write X = (X1,...,%n)".
Now Ax = Ax, so Ax = Ax = Ax. Taking transposes, it follows that xTAT = AxT.
Hence, multiplying on the right by the n x 1 matrix x,

xTATx = Ax"x.
Also,
AxTx =xT(A) =xT(Ax) =x"ATx,
the last step as A = AT. Thus, AxTx = Ax"x. As x # 0, it follows that A = A, that is,
A is real.
(2) Suppose A # u are eigenvalues, with eigenvectors v, w respectively. So ax = Ax
and oy = py. Then
Ax,y) = (Ax,y) = (ax,y) = (x, ay) = (x, uy) = K{x, y).
As A # y, it follows that (x,y) = 0.
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(3) We use induction on n = dim V. If n = 1 the result is obvious.

By 1, there is a real eigenvalue A; of &, with eigenvector x;. We may suppose
that ||x1|| = 1 (normalise). Put W := (span(x;))* < V. Then dim(W) =n —1, by
Theorem 5.15(ii).

We claim that o(W) C W. To see this, observe that if w € W, then

(oow, x1) = (W, ax1) = (W, A\1x1) = A {w, x1) =0,

so ow € W.
It follows that « induces a self-adjoint mapping W — W. Since dim(W) =
n — 1, there is an orthonormal basis Wy, ..., wy of eigenvectors of « in W. Now
X1, W2, ..., Wy, is an orthonormal basis of eigenvectors of «x in V.
U

Definition 6.4. Ann x n matrix P is orthogonal if PT = P~!, thatis PP = L

The above definition esentially says that P is orthogonal if and only if its columns form
cos® —sin 9)

an orthonormal basis of R™. In the 2 x 2 case, an exampleis | _.
sin® cosO

Lemma 6.5. Let oc: V — V be represented by a matrix A with respect to some orthonormal basis
e1,...,en of V. Then if we change to another orthonormal basis f1,...,fn of V, the matrix for o
in this basis has form P~1AP, where P is orthogonal.

Proof. We have f; = ) ' | pijei, where P = (py;) (see Theorem 3.20). Now

mn mn mn
(fj, fi) = <Z Pij ei,ZPu&O = Zpijpik-
i=1 i=1 i=1

Hence, Z{‘Zl Pijpik takes value 1if j = k, and zero otherwise. This just says PTP=1 O

The following corollary is really the point of this section. It says in particular than
any real symmetric matrix is diagonalisable, but is much stronger than this (because P is
orthogonal).

Corollary 6.6. If A is a real symmetric matrix, then there is an orthogonal matrix P with P~1AP =
PTAP equal to a diagonal matrix D.

Proof. Take ey, ..., en asthe standard basis of R™, and fy, ..., f,, as an orthonormal basis of
eigenvectors of A (given by Theorem 6.3). Then the matrix D of A with respectto fy, ..., fn
is diagonal (as it is a basis of eigenvectors). Also, by Lemma 6.5, there is orthogonal P with

P~'AP =D. ]
0 2 0

Example 6.7. Let « : R® — R3 be given by the matrix A = [2 2 2| with respect
0 20

to the standard basis. Note that A is symmetric, so there is an orthonormal basis of R3
consisting of eigenvectors of A. First, calculating det(tI — A) along the first row, we find
x(t) = t(t(t —2) —4) +2(—2t) = t(t> — 2t — 8) = t(t — 4)(t + 2), so the eigenvalues are
0,4, 2.
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For A =0, solving

0o -2 0 X 0
-2 -2 =2 yl=1{0
0o -2 0 z 0
gives eigenvector (1,0,—1)T. For A = 4, we find eigenvector (1,2,1)T. For A = —2, an

eigenvector is (1,1, nr. Normalising these, we find
1

P=

Sl ogl
S
ShslLs)

Then
0 0 O

P'AP=P'AP=(0 4 0
00 —2

7. QUADRATIC FORMS

Let V be an n-dimensional real vector space, with basis vy, ..., vn. So any vector x € V
can be written in the form x = x;v; +... + XpVn.

Definition 7.1. In this setting, a quadratic form is a function q : V — R of the form

q(x) =qlxavi +... +xpvn) = Z ZCinin,

i=1j=1
where each cj; € R.
Example 7.2. (1) The standard norm of vector produced by the inner product (x, x) =

X3+x3+. ..+x% in R™ is a quadratic form. Moreover a norm from any inner product

is a quadratic form as well.
(2) Working in the standard basis of R?, with x = (x1,%2), the function q(x) = 3x? +
4x1xp — x5 is a quadratic form. We can write ¢(x) as a matrix product

(x1x2) <8 _41) (2;) = (x1%x2) (3X1__;24X2) .

It can also be written as
3 2 X1

The second matrix expression above suggests there is a connection between quadratic
forms and real symmetric matrices. We now formalise this.

Proposition 7.3. Working with respect to a fixed basis of V, any quadratic form q(x) can be
written in the form
X1
qx) = (x1...xn)A | 0,
X’TI
where A is a real symmetric matrix. Furthermore, such an expression is unique, and every n x n
real symmetric matrix gives rise to a quadratic form on V.
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Proof. We just prove the first assertion. Suppose our form is

n

q(X) = q(X1V1 +... +Xn\)n) = Z Zcinin.

i=1j=1
Put ay5 := C”Zﬂ Then A = (aj;) is symmetric, and
T
q(X) :Z aijXiXj = (Xl...Xn)A (Xl...Xn) .
i=1 j=1

O

The last proposition says that, if we write x = x1v1 + ... 4+ Xn vy as the column vector
(x1,...,xn) 7, then q(x) = x" Ax, where A is real symmetric. We would like to change the
basis of V, to ensure that the matrix A is diagonal.

Proposition 7.4. Suppose that wi, ..., Wy is another basis of V, with w; = Y ", myjv;, for
each j. Put M = (my;). Then
(1) >y xv = Z;‘:lijj, where (x1...x7)T =M(yr...yn)".
(2) In the w; basis, the quadratic form q(x) = x" Ax becomes
Y1
qx) = (y1...yn) MTAM) | : |,
Yn

and the matrix MTVAM is symmetric. (Here, (y1,...,Yn) is the sequence of coordinates
of the vector x with respect to the w basis, that is, x = yiwi + ...+ Ynwn.)

Proof. (1) We indeed have:

n n

n n n n
ZUjo = ZU;’ Z mijvi = Z Z mijyj | Vi = ZXiVi-
j=1 =1 i=1 i=1 \j=1 i=1
(2) Now q(x) = x"Ax = (My)TA(My) =y (MTAM)y.
O

Definition 7.5. We say that square matrices A, B are congruent if there is non-singular M
with B= MTAM.

Remark 7.6. (1) In Proposition 7.4, the jth column of M is the tuple of coordinates of
wj written in the v-basis.
(2) By Corollary 6.6, any real symmetric matrix is congruent to a diagonal matrix.
(3) In the first year Geometry module you used orthogonal transformations of R?
(which are rotations) to diagonalise quadratic forms in order to obtain canonical
equations of ellipses, parabolas and hyperbolas, cf. Example 7.13.

Theorem 7.7. For any quadratic form o on V, there is a choice of basis with redspect to which q
is diagonal, that is, q is given as

qly) =y'Dy =y Diag(dy,..., dn)y
where D = Diag(ds, . .. dn ) is a diagonal matrix. Equivalently, q(y) = diy?+day3+...+dny?.
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Proof. We must show that if A is a real symmetric matrix, then there is a non-singular
matrix M such that MTAM is diagonal. By Corollary 6.6, there is an orthogonal matrix P
such that P"'AP is diagonal, and as P is orthogonal, we have P~1 = PT. O

The proof of Theorem 7.7 gives a method of diagonalising a quadratic form q:

(1) Find the real symmetric matrix A and its characteristic polynomial x(t);
(2) Factorise x(t) to find the eigenvalues
(8) Find a basis of eigenvectors, let M have these as columns, and calculate MTAM.

This process is slow — for example, it may be difficult to factorise x(t). Since we do not
require that MT = M ™!, there are much easier methods. The main point is that premulti-
plying by a non-singular matrix M" has the effect of doing a sequence of row operations
to A, and postmultiplying by M has the effect of doing the corresponding sequence of
column operations. So we aim to diagonalise A by doing a sequence of row operations
and the corresponding sequence of column operations. Here’s an easy example.

Example 7.8. We diagonalise the quadratic form q = x*> + 4xy + 2yz. (I have switched
from having variables x;, ..., Xy, to variables x, y, z— you will see both conventions in past

1 20
papers.) The matrix hereis [ 2 0 1 |. To diagonalise it, we first aim to make the 2’s in
010
the (1,2) and (2,1) entries into 0. So do rj = 1, — 211 and then ¢} = ¢z — 2¢3, to get
1 20 1 2 0 1 0 0
20 1|~{0 -4 1] ~|0 —4 1
010 0 1 0 0 1 0
This is still symmetric. To get rid of the 1’s in the (3,2) and (2, 3) entries, do 1§ = 13+ 12/4
1 0 O 1 0 0
and thenc; =c3+co/4. Weget [0 —4 1) andthen {0 —4 0 |. Thus, with respect
o o0 1 o 0 1

1 1
to a different basis, the quadratic form can be written in the diagonal form q = u? — 4v? +
1.,2

IW .

In general, the algorithm for diagonalising a quadratic form is slightly more compli-
cated. For example, in the last example, how would we have got rid of the 2’s in the
(1,2) and (2, 1) entries if the (1,1) entry had been 0? Here is a sketch of the general proce-
dure. It ensures that there is no non-zero entry in the first row or column except possibly
in the (1,1) entry. After we have achieved that, then we apply the same process to the
(n —1) x (n — 1) matrix obtained by deleting the first row and column.

(1) If a3 # 0, then for each i > 1 do operations r] = r; + ar; and then ¢{ = ¢; + ac;
for appropriate a.

(2) If a;3 = 0 but ay; # 0 for some i > 1, interchange rows 1 and 1, and then
interchange columns c; and ci, to get a matrix with ay; in the (1,1) entry. Then
apply (i) above.

(3) Suppose all the diagonal entries ai; are zero. Find some j with aj; # 0, and then
do r{ =i + 7j and then ¢{ = c¢; + ¢j. The (i,1) entry is now non-zero, so proceed
as in (ii).
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Example 7.9. Consider the quadratic form q = 4yz (a function of x,y, z). This has matrix
0 00
0 0 2. Thereis nonon-zero entry in first row or column, and no non-zero diagonal
0 20

0 0O
entry, so use method (iii). Dorj =1, + 3 thenc) =co +c3toget [0 4 2 |. Now do
0 20
0 0 O
T =13 — %rz and then ¢§ = c3 — %cz, toget {0 4 0 |. Thus, a diagonalised forn is
0 0 —1

q =42 — w2

A given quadratic form can usually be diagonalised in many different ways, i.e., there
is no unique answer. However, the following definition and theorem give a partial unique-
ness.

Definition 7.10. Let q(y) = diy? + ... + dny?% be a quadratic form in diagonal form. Let
P be the number of strictly positive di, and N be the number of strictly negative d;. Then
the rank of q is defined to be rank(q) = P + N, and the signature of q is defined to be
signature(q) =P —N.

Theorem 7.11 (Sylvester’s Law of Inertia). Let q(x) = x" Ax be a quadratic form, and suppose
it has two diagonalised forms x = My and x = Nz, so MTAM = Diag(cy,...,cn)and NTAN =
Diag(ds, ..., dn). Then the ranks of ciy? + ... + cny? and diy? + ... + dny? are equal, and
their signatures are also equal.

Proof. This is omitted. O

From the last theorem, it follows that we can define the rank of a quadratic form to be
the rank of any quadratic form of it. Likewise for signature.

Example 7.12. In Example 7.8 we found a diagonal form u? — 4v> + Iw?. Thus, the rank
is 2+ 1 =3, and the signatureis2 —1 = 1.

In Example 7.9, a diagonal form was 4v> —w?. The rank is 1 + 1 = 2, and the signature
isl—1=0.

Rank and signature have certain geometrical meaning.

Example 7.13. Consider the equation cx? + dy? = 1.

e If ¢, d > 0, this is an ellipse.
e If c > 0and d < 0 then it is a hyperbola.
e If c > 0and d =0, it is the union of 2 lines (a degenerate case).
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The AP = PB Theorem, 14
theorem
AP =PB, 14
Cayley-Hamilton, 22
Pythagoras, 25
rank and nullity, 12
transformation, see also linear transformation

union of subspaces, 4

vector, 2
orthogonal, 25
orthonormal, 25
space, 2
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